GLOBAL QUANTIZATION OF PSEUDO-DIFFERENTIAL 
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Abstract. Global quantization of pseudo-differential operators on compact Lie 
groups is introduced relying on the representation theory of the group rather than 
on expressions in local coordinates. Operators on the 3-dimensional sphere S"^ and 
on group SU(2) are analysed in detail. A new class of globally defined symbols is 
introduced giving rise to the usual Hormander's classes of operators 5'™(G), 
and \E''"(SU(2)). Properties of the new class and symboHc calculus are analysed. 
Properties of symbols as well as L^-boundedness and Sobolev L^-boundedness of 
operators in this global quantization are established on general compact Lie groups. 
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1. Introduction 

In this paper we investigate a global quantization of operators on compact Lie 
groups. We develop a non-commutative analogue of the Kohn-Nirenberg quantiza- 
tion of pseudo-differential operators (p^). The introduced matrix- valued full sym- 
bols turn out to have a number of unexpected properties. Among other things, the 
introduced approach provides a characterization of the Hormander's class of pseudo- 
differential operators on compact Lie groups using a global quantization of operators 
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relying on the representation theory rather than on the usual expressions in local 
coordinate charts. The cases of the 3-dimensional sphere and Lie group SU(2) are 
analysed in detail and we show that pseudo-differential operators from Hormander's 
classes on these spaces have matrix-valued symbols with a remarkable rapid off- 
diagonal decay property. 

There have been many works aiming at the understanding of pseudo-differential 
operators on Lie groups, see e.g. work on left-invariant operators [2S1IISIIS], convolu- 
tion calculus on nilpotent Lie groups [H], L^-boundedness of convolution operators 
related to the Howe's conjecture pTlfT]. and many others. In particular, Theorem 13. II 
allows x-dependence and also removes the decay condition on the symbol in the set- 
ting of general compact Lie groups (a possibility of the relaxation of decay conditions 
for derivatives of symbols with respect to the dual variable for the L^-boundedness 
was conjectured in [llj). 

The present research is inspired by M. Taylor's work [28], who used the exponential 
mapping to rely on pseudo-differential operators on the Lie algebra which can be 
viewed as the Euclidean space with the corresponding standard theory of pseudo- 
differential operators. However, the approach developed in this paper is different 
from that of [281 EH] since it relies on the group structure directly and thus we do 
not need to work in neighbourhoods of the neutral element and can approach global 
symbol classes directly. 

As usual, S^Q C C°°(M" x M") refers to the Euclidean space symbol class, defined 
by the symbol inequalities 

(1.1) (e)'"-'"', 

for all multi-indices a,(3 e Nq, Nq = {0} U N, where (^) = (1 + I^H^^^, and where 
constant C is independent of x, ^ G M" but may depend on a, P,p, m. On a compact 
Lie group G we define the class \1/™(G') to be the usual Hormander's class of pseudo- 
differential operators of order m. Thus, operator A belongs to if its integral 
kernel K{x, y) is smooth outside the diagonal x = y and if in (all) local coordinates 
operator A is a pseudo-differential operator on MJ^ with symbol p{x,C,) satisfying 
estimates fll.ip . We refer to [HI [ID! for the historic development of this subject. 

It is a natural idea to build pseudo-differential operators out of smooth families of 
convolution operators on Lie groups. In this paper, we strive to develop the convo- 
lution approach into a symbolic quantization, which always provides a much more 
convenient framework for the analysis of operators. For this, our analysis of operators 
and their symbols is based on the representation theory of Lie groups. This leads to 
the description of the full symbols of pseudo-differential operators on Lie groups as 
sequences of matrices of growing sizes equal to dimensions of representations. More- 
over, the analysis is not confined to neighborhoods of the neutral element since it 
does not rely on the exponential mapping and its properties. We also characterize, 
in terms of the introduced quantizations, standard Hormander's classes \I/'"(G) on 
Lie groups. One of the advantages of the presented approach is that we obtain a 
notion of full (global) symbols compared with only principal symbols available in the 
standard theory via localizations. 

To illustrate some ideas, let us now briefly formulate one of the outcomes of this 
approach in the case of the 3-dimensional sphere S^. Before that we note that if 
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we have a closed simply-connected 3- dimensional manifold M, then by the recently 
resolved Poincare conjecture there is a global diffeomorphism M ^ S'^ ~ SU(2) 
that turns M into a Lie group with a group structure induced by S'^ (or by SU(2)). 
Thus, we can use the approach developed in this paper to immediately obtain the 
corresponding global quantization of operators on M with respect to this induced 
group product. In fact, all the formulae remain completely the same since the unitary 
dual of SU(2) (or S'^ in the quaternionic M^) is mapped by this diffeomorphism as 
well; for an example of this construction in the case of ^ SU(2) see Section [TTl 
The choice of the group structure on M may be not unique and is not canonical, but 
after using the machinery that we develop for SU(2), the corresponding quantization 
can be described entirely in terms of M, for an example see Theorem 11.11 for §^ 
and Theorem 110.41 for SU(2). In this sense, as different quantizations of operators 
exist already on depending on the choice of the underlying structure (e.g. Kohn- 
Nirenberg quantization, Weyl quantizations, etc.), the possibility to choose different 
group products on M resembles this. In a subsequent paper we will carry out the 
detailed analysis of operators on homogeneous spaces and on higher dimensional 
spheres S'^ ~ SO(n + 1)/S0(n) viewed as homogeneous spaces. Although we do not 
have general analogues of the diffeomorphic Poincare conjecture in higher dimensions, 
this will cover cases when M is a convex surface or a surface with positive curvature 
tensor, as well as more general manifolds in terms of their Pontryagin class, etc. 

To fix the notation for the Fourier analysis on S^, let : S'^ ^ U{21 + 1) C 
^(2/+i)x(2i+i)^ / G |No, be a family of group homomorphisms, which are the irreducible 
continuous (and hence smooth) unitary representations of when it is endowed 
with the SU(2) structure via the quaternionic product, see Section [TT] for details. 
The Fourier coefficient /(/) of / G C°°(§3) ig defined by /(/) = /gs /(x) t'(x)* dx, 

where the integration is performed with respect to the Haar measure, so that /(/) G 
^(2«+i)x(2«+i)^ rjj^g corresponding Fourier series is given by 

f{x) = 5^ (2/ + 1) Tr (/(/) t'(x)) . 

Now, if A : C°°(S'^) — i> C°°(S'^) is a continuous linear operator, we define its full 
symbol as a mapping 

(x, /) ^ (T^(x, /), (T^(x, /) = t'{xy{At'){x) G c(2'+^)^(2/+i)_ 
Then we have the representation of operator A in the form 

Afix) = 5^ (2/ + 1) Tr {t\x) a^ixj) /(/)) , 

see Theorem 12.41 We also note that if 

Af{x)= KAix.y) f{y) dy = f{y)RAix,y'^x)dy, 

where Ra is the right convolution kernel of A, then o"a(x,Z) = Jgg Ra^x^h) t\y)* dy 
by Theorem 12. 5[ where, as usual, the integration is performed with respect to the 
Haar measure with a standard distributional interpretation. 
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One of the arising fundamental questions is what condition on the matrix symbols 
a A characterize operators from Hormander's class ^'"(S^). For this, we introduce 
symbol class S''^(§^). We write a a G S'™'(§^) if the corresponding kernel KA{x,y) is 
smooth outside the diagonal x = y and if we have the estimate 

(1.2) \ArdlaAAx,lh\<CAapmN (l + K-j|)-^(l + /r-l"l 

for every > 0, every u G S'^, and all multi-indices a, (3, where symbol aA^ is the 
symbol of operator A^f = A{f o ip^) o y?"^, where (pu{x) = xu is the quaternionic 
product. Symbols of and A can be shown to be related by formula (T^„(x,/) = 
t''{u)*aA{xu~^ ,1) t\u). We notice that imposing the same conditions on all symbols 
o"yiu in (11.21) simply refers to the well-known fact that the class \1/'"(S'^) should be 
in particular "translation" -invariant (i.e. invariant under the changes of variables 
induced by quanternionic products <y9„), namely that A G \l/'^(§^) if and only if 
Au G \1/'^(S^), for all m G Condition (11.21) is the growth condition with respect 
to the quantum number I combined with a rather striking condition that matrices 
(Ja{x-, I) must have a rapid off-diagonal decay. We also write = A"^ A"^ Aq^, where 
operators A+, A_, Aq are discrete difference operators acting on matrices o"yi(x, /) in 
variable /, and explicit formulae for them and their properties are given in Section [HI 
With this definition, we have the following characterization: 

Theorem 1.1. We have A G ^"(S^) if and only if ga G S™(§3). 

The proof of this theorem is based on the detailed analysis of pseudo-differential 
operators and their symbols on Lie group SU(2) where we can use its representation 
theory and geometric information to derive the corresponding characterization of 
pseudo-differential operators. We note that this approach works globally on the 
whole sphere, since the version of the Fourier analysis is different from the one in e.g. 
[271 [25] which covers only a hemisphere, with singularities at the equator. 

In our analysis on a Lie group G, at some point we have to make a choice whether to 
work with left- or right-convolution kernels. Since left-invariant operators on C°^{G) 
correspond to right-convolutions / i— >• f * k, once we decide to identify the Lie al- 
gebra g of G with the left-invariant vector fields on G, it becomes most natural to 
work with right-convolution kernels in the sequel, and to define symbols as we do in 
Definition [231 

Finally, we mention that the more extensive analysis can be carried out in the 
case of commutative Lie groups. The main simplification in this case is that full 
symbols are just complex-valued scalars (as opposed to being matrix-valued in the 
non-commutative case) because the continuous irreducible unitary representations are 
all one-dimensional. In particular, we can mention the well-known fact that pseudo- 
differential operators A G \[/'^(T'^) on the n-torus can be globally characterised by 
conditions 

(1.3) |A:;afp(x,r^)|<G(l + |r/|)-H, 

for all rj G Z", and all multi-indices a,/? G Nq, where difference operators A^ = 
A^^i • • ■ A^; are defined by A^^p{x,ri) = p{x,r] + cj) - p{x,r]), {ej)k = Sjk, for all 
l<j,k<n, etc. If we denote by 5™(T" x Z"") the class of functions p : x Z'^ ^ C 
satisfying ([L3D, then we have Op5™(T" x Z") = ^"^(T"), see e.g. [D Ha [331 [16l [H] 
with different proofs, as well as numerical application of this description in e.g. [201 
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[2T] . We note that in [TTj , more general symbol classes as well as analogues of Fourier 
integral operators on the torus and toroidal microlocal analysis were developed using 
the so-called toroidal quantization, which is the torus version of the quantization 
developed here. 

It is also known that globally defined symbols of pseudo-differential operators can 
be introduced on manifolds in the presence of a connection which allows one to use a 
suitable globally defined phase function, see e.g. [IHl [23] • However, on a compact 
Lie groups the use of the groups structure allows one to develop a theory parallel 
to those of M" and T" in the sense that the Fourier analysis is well adopted to the 
underlying representation theory. Some elements of such theory were discussed in 
[32] and in the PhD thesis of the second author, and a consistent development from 
different points of view will eventually appear in [18j. 

The global quantization introduced in this paper provides a relatively easy to use 
approach to deal with problems on (and on more general Lie groups) which depend 
on lower order terms of the symbol. Thus, applications to global hypoellipticity, 
global solvability and other problems in the global setting will appear in the sequel 
of this paper. 

In this paper, the commutator of matrices X,Y & (^nxn ^jjj denoted by [X, Y] = 
XY — YX. On SU(2), the conventional abbreviations in summation indices are 

E=E. EE=E E E • 

I ie|No ' ie^No \m\<l, l+m&l \n\<l, l+n&l 

where No = {0}UN= {0,1,2,---}. The space of all linear mappings from a finite 
dimensional vector space Ti to itself will be denoted by End(?i). As usual, a mapping 
U e C{n) is called unitary if U* = U'^ and the space of all unitary linear mappings 
on a finite dimensional inner product space H will be denoted by lA{7i). 

2. Full symbols on general compact Lie groups 

Let G be a compact Lie group, not necessarily just SU(2). Let us endow ViG) = 
C°°{G) with the usual test function topology. For a continuous linear operator A : 
C~(G) ^ C°°(G), let Ka,La,Ra e V'{G x G) denote respectively the Schwartz, 
left-convolution and right-convolution kernels, i.e. 

(2.1) Afix)= [ KAix,y) fiy)dy = 

JG 

= / LA{x,xy~^) f{y) dy = f{y) RA{x,y~^x) dy 

JG JG 

in the sense of distributions. To simplify the notation in the sequel, we will often write 
integrals in the sense of distributions, with a standard distributional interpretation. 
Notice that 

RA{x,y) = LA{x,xyx~^), 

and that left-invariant operators on G°°{G) correspond to right-convolutions / 
f * k. Since we identify the Lie algebra g of G with the left-invariant vector fields on 
G, it will be most natural to study right-convolution kernels in the sequel. 
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Let us begin with fixing the notation concerning Fourier series on a compact group 
G (for general background on the representation theory we refer to e.g. p]). In 
the sequel, let Rep(G') denote the set of all strongly continuous irreducible unitary 
representations of G. In this paper, whenever we mention unitary representations 
(of a compact Lie group G), we always mean strongly continuous irreducible unitary 
representations, which are then also automatically smooth. Let G denote the unitary 
dual of G, i.e. the set of equivalence classes of irreducible unitary representations 
from Rep(G). Let [^] G G denote the equivalence class of an irreducible unitary 
representation ^ : G ^ U{7i^); the representation space Ti.^ is finite-dimensional 
since G is compact, and we set dim(^) = dim?-^^. We will always equip compact 
Lie groups with the Haar measure, i.e. the uniquely determined bi-invariant Borel 
regular probability measure. Let us define the Fourier coefficient f{^)& End(?i^) of 
feL\G)hj 



(2.2) fiO ■■= / fix) ax)* dx; 

Jg 

more precisely, 

ifiOu, v)n^ = j f{x) (^(x)*M, v)^^ " / •^'^^^ 
for all M,f G H^, where {■,-)n^ is the inner product of H^. Notice that ^(x) 

e(x)-i = e(x-i). 

Remark 2.1. Let U G Hom(?7, ^) be an intertwining isomorphism, i.e. let U : 

be a bijective unitary linear mapping such that Urj{x) = ^(a;)?7 for every x E G. 
Then we have 

(2.3) fiv) = U-'m U G End(7^,). 
Let us also consider the inner automorphisms 

= (x I— » u^^xu) : G G, 
where u E G. If ^ G Rep(G) then we also have 

(2.4) 7^(0 = / f{u-^xu) ax)* dx= [ fix) auxu-y dx 

Jg Jg 



G 



f*9{0= / f * 9{x) ax)* dx = / / f{xy ^)g{y) dy ax)* dx 
Jg Jg Jg 



= e(«) / fix) ax)* dx a^r = e(«) fio a^r- 

Remark 2.2. If G L^{G) then 



9iy) avY / fixy-') axy'T dx dy = gia /(O, 

G Jg 

which in general differs from /(^) ^(0- This order exchange is due to the definition 
of the Fourier coefficients, where we chose the integration of the function with respect 
to ax)* instead of ^(x). This choice actually serves us well, as we chose to identify 
the Lie algebra with left- invariant vector fields on the Lie group G: namely, a 
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left-invariant continuous linear operator A : C°°{G) — > can be presented as a 

right-convolution operator Ca = {f ^ f * a), resulting in convenient expressions like 

= abf. 

If ^ : G — s> U((i) is an irreducible unitary matrix representation then /(^) G C^^*^ 
in fl2.2p has matrix elements 

fiOmn = / f{x) ^{x)nm dx G C, 1 < 171,71 < d, 

Jg 

where the matrix elements are calculated with respect to the standard basis of C^. 
If here / G L^{G) then /(Omn = {f,^{x)nm)LHG), and by the Peter-Weyl Theorem 

dim(0 

(2.5) fix) = J2 dini(0 Tr (^(a;) /(O) = Yl ^i^(^) E ^(^)"- ^(^)-" 

for almost every x E G, where the summation is understood so that from each class 
[^] G G we pick just (any) one representative ^ G [C,]. The choice of a representation 
from the same representation class is irrelevant due to formula fl2.3p and the presence 
of the trace in (12.51) . 

Definition 2.3 (Symbols of pseudo-differential operators on G). Let ^ : G — UilH.^) 
be an irreducible unitary representation. The symbol of a linear continuous operator 
A : G°°{G) G~(G) at X G G and e e Rep(G) is defined by aA{x,0 = ^(0 e 
End(7ig), where 

rxiy) = RAix,y) 
is the right convolution kernel of A as in (12.11) . Hence 



(2.6) aA{x,0= / RAix,y)ayrdy 

Jg 

in the sense of distributions, and operator A can be represented by its symbol: 



Theorem 2.4. Let the symbol a a of a continuous linear operator A : C°°{G) — 
C°°{G) be defined as in Definition \2. !A Then 

(2.7) Af{x) = J2 dim(0 Tr (^(x) a^(x,0 /(O) • 

for every f G G°°(G) and x G G. 

Proof. Let us define a right-convolution operator A^^ G £(G°°(G)) by kernel Ra{xq, y) 
rxoiy), i-e. by 



Axofix) := / f{y)r^^{y ^x) dy = (/ * r^„)(x). 
Thus crA,(,(x,0 = ^(0 = o"A(a;o,0> so that by we have 



^xo/(a:) = ^ dim(0 Tr (e(x) ij(0 
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= ^dim(OTr(^(a;)a^(a;o,0/(0^ 

where we used that f * r^^ = f^of hy Remark [2.2[ This imphes the result, because 
Af{x)=AJ{x). □ 

For a symbol a^, the corresponding operator A defined by (12. 7p will be also denoted 
by Op{aA)- 

Thus, if ^ : G ^ U(dim(i^)) are irreducible unitary matrix representations then 

dim(g) / dim{^) \ 

[f]GG m,n=l \ k=l J 

Alternatively, setting A^{x)mn '■= {A{^mn)){x), we have 

dim(5) 

(2.8) (TAix,^)mn = ^ ^kmix) 

k=l 

1 < m,n < dim(^), which follows from the following theorem: 

Theorem 2.5. Let the symbol a a of a continuous linear operator A : C°°{G) 
C°°{G) be defined as in Definition \2. 3[ Then 

(2.9) a^(x,0 = e(a:)*(AO(a;). 

Proof. Working with representations '■ G ^ U(dim(,^)), we have 

dim(5) 

Y ikm{x) {Aikn){x) = ^^fcm(x) ^ dim(r7) Tr (^r]{x) (rA{x,r]) ikn{v) ^ 
k=i k 

= ^^fcm(a;) ^(x)fcj crA(a;,Oin 

where if r/ G [^] in the sum, we take 77 = so that ^kn{v)ii = (Cfcn, Vn) l'^i which equals 
^7^11 ii ^ = rj, k = i and n = I, and zero otherwise. □ 

Remark 2.6. The symbol of A G C{G°°{G)) is a mapping 

aA-.Gx Rep(G') ^ |J End{n^), 

5eRep(G) 

where (Ja(x,^) G End(7ig) for every x E G and ^ G Rep(G'). However, it can be 
viewed as a mapping on the space G x G. Indeed, let ^, ?7 G Rep((j>') be equivalent 
via an intertwining isomorphism U G Hom(,^,?7): i.e. such that there exists a linear 
unitary bijection U : ^ Tir, such that rj{x) U = U ^{x) for every x G G, that is 
ri{x) = U ^{x) U*. Then by Remark 12.11 we have f{ri) = U f{^) U*, and hence also 

aA{x,r]) = U cr^(x,0 U*. 



QUANTIZATION OF PSEUDO-DIFFERENTIAL OPERATORS ON SU(2) AND 



9 



Therefore, taking any representation from the same class [^] G G leads to the same 
operator A in view of the trace in formula (12.71) . In this sense we may think that 
symbol a a is defined on G x G instead of G x Rep(G). 

Notice that if A = (/ h-^ / * a) then Ra{x, y) = a{y) and 

i.e. AfiO = a(0 m- Moreover, if B = {f ^ b * f) then LB{x,y) = b{y), 
RB{x,y) = LB{x,xyx~^) = b{xyx~^), and by (12. 4p we have 

aBix,o = a^rm 

Remark 2.7. Let be the Lie algebra of a compact Lie group G, and let n = 
dim(G) = dim(g). By the exponential mapping exp : q —y G, a neighbourhood of 
the neutral element e E G can be identified with a neighbourhood of G g. Let 
X"^ = C S'l^o consist of the x-invariant symbols {x,^) t— > p{^) in S^q with the 
usual Frechet space topology. A distribution k G V'{G) with a sufficiently small 
support is said to belong to space X"^ if sing supp(A;) C {e} and k G X"^ C C°°(g'), 
where the Fourier transform k is the usual Fourier transform on g = M", and the dual 
space satisfies g' = M" (and we are using the exponential coordinates for k{y) when 
y ^ e E G). If /c G X"^ then the convolution operator 

Jg 

is said to belong to space OPX"\ which is endowed with the natural Frechet space 
structure obtained from X"^. Formally, let k{x,y) = kx{y) be the left-convolution 
kernel of a linear operator K, : C°°{G) C°°{G), i.e. 

Jg 

In [2H], M. E. Taylor showed that /C G '^"^{G) if and only if the mapping 

{x^ {u^ k^*u)) -.G ^ OPX"" 
is smooth; here naturally u ^ k^ * u must belong to OPX^ for each x E G. 

In the sequel, we will need conjugation properties of symbols which we will now 
analyse for this purpose. 

Definition 2.8. Let : G ^ G be a diffeomorphism, / G G°°(G), A : G~(G) 
G°°{G) continuous and linear. Then the (p-pushforwards G G°^(G) and A^ : 
G~(G) ^ G°°(G) are defined by 

A^f := (AiU-i))^ = A(/o0)o0-^ 

Notice that 

A^oip = (^v)<^ • 

From the local theory of pseudo-differential operators, it is well-known that A G 
^^(G) if and only if A^ G ^'^(G). 
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Definition 2.9. For u EG, let ul,ur : G ^ G he defined by 

Ul{x) := ux and ur{x) := xu. 

Tlien = (m^^)l and {ur)~^ = {u^^)ji. The inner automorpliism (j)u G ^ G 

defined in Remark 12. II by (/>„(x) := u^^xu satisfies = uj} ° ur = ur o uj}. 

Proposition 2.10. Let u E G , B = A^^^, G = A^^ and F = A^^. Then we have the 
following relations between symbols: 

(^cix,0 = ^(u)* aAixu~\^) ^{u), 
apix,^) = ^{u)* aAiuxu~'^,0 ^(u). 
Especially, if A = {fy-^f*a), i.e. (T^(a;,^) =a(^), then 

(^b{x,0 = 

Proof. We notice tliat F = C(„-i)^, so it suffices to consider only operators B and G. 
For operator B = Auj;^, we get 

/ f{z) Rb{x,z-^x) dz = Bf{x) = A{fouL)iul\x)) = 
Jg 

= / f{uy)RA{u~^x,y~^u~^x) dy = f{z) Ra{u~^x, z~^x) dz, 
Jg Jg 

so RB{x,y) = RA{u~^x,y), yielding o"b(x,,^) = aA{u~^x,^). For operator G = A^^, 
we get similarly Rc{x, y) = Ra{xu~^, uyu~^), yielding the result. □ 

Let us finally record how push-forwards by translation affect vector fields. 

Lemma 2.11. Let u e G, Y e Q and let E = Dy : ^ C°°(G) be defined by 

DYfix)=fj{x exp(tF))|^^^. Then 

Eun = E^^ = Du-iYu, 
i.e. Dyif o ur){xu-^) = Dyif o (f)u){uxu~^) = Du-iYufix). 
Proof. We have 

EuJ{,x) = E{f o ur){xu'^) = ^ {f o ur){xu~^ exp{tY))\^^^ = 

= ^ fixu~^ exp{tY)u))\^^^ = ^ f{xexp{tu'^Yu)\^^^ = 
Due to the left-invariance, Euj^ = E, so that i?^^ = = = Du-^y^. □ 

3. BOUNDEDNESS OF PSEUDO-DIFFERENTIAL OPERATORS ON L^(G) AND H^^G) 

In this section we will state some natural conditions on the symbol of an operator 
A : G°°{G) G°°{G) to guarantee the boundedness on Sobolev spaces. The Sobolev 
space H'^{G) of order s G M can be defined via a smooth partition of unity of the 
closed manifold G. 
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The Hilbert -Schmidt inner product of A,B & ^mxn 

m n 

{A,B)hs := Tr(EM) = ^^^^^"A,, 

1=1 j=i 

1 /2 

with the corresponding norm ||A||i;/5 := {A^A)j^g^ and the operator norm 

\\A\lp:=snp{\\Ax\\Hs: x G C"^\ ||x||^,5 < l} = Pll^^^^^- 

Let A,B & C"^". Then we have ||y4i?||j|/5 < ||A||op ||-B||i:/5. Moreover, we also have 
\\A\\op = snp{\\AX\\Hs '■ X G C"^", ||X||j/5 < 1} . By this, taking the Fourier trans- 
form and using Plancherel's formula (see e.g. [22]), we get 

(3.1) \\9 ^ f * 9\\c(L^G)) = Wg ^ 9 * f\\c(L^G)) = sup ||/(0||op, 

5eRcp(G) 

by Remark [221 We also note that ||/(Ollop = ||/(^)||op if [^] = W G G. 

Let us first consider a condition on the symbol for the corresponding operator to 
be bounded on L^(G). 

Theorem 3.1. Let G be a compact Lie group of dimension n and let k be an integer 
such that k > n/2. Let A be an operator with symbol a a defined as in Definition \2.3[ 
Assume that there is a constant G such that 

\\d:aA{x,mop<G 

for all X e G, all ^ e Rep(G'), and all \a\ < k, where = d"^ ■ ■ ■ 9"", and 9i, . . . , 9„ 
are first-order differential operators corresponding to a basis of the Lie algebra of G. 
Then A is bounded from L'^{G) to L'^{G). 

Proof. Let Af{x) = {f*rA{x)){x), where r^(x)(?/) = RA{x,y) is the right-convolution 
kernel of A. Let Ayf{x) = (/ * r^(?/))(x), so that A^/(x) = Af{x). Then 



L2(G) 



/ \AJ{x)\^ dx< sup|AJ(x)p da;, 
Jg Jg y&G 

and by an application of the Sobolev embedding theorem we get 

sup \AJ{x)\' <Cj2f \9yAyf{x)\' dy. 

Therefore, using the Fubini theorem to change the order of integration, we obtain 



WmhiG) < \d^Ayf{x)\'dxdy 
< C V sup / \d^Ayf{x)\^ dx 

,_,^,y£GjG 



= Gj2^^v\\d^Af\\lHG) 

< Gj2snp\\f^f*d'^rA{y)\\ 

£(L2(G))II/IIl2(G) 
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< C ^ sup sup \\dyA{y,0\\lp\\f\\h(G)^ 

where the last inequahty holds due to fl3.ip . This completes the proof. □ 

Let =Sf be the bi-invariant Laplacian of G, i.e. the Laplace-Beltrami operator 
corresponding to the unique (up to scaling) bi-invariant Riemannian metric of G. 
The Laplacian is symmetric and / — =Sf is positive. Denote S = (J — =Sf)^/^. Then 
e C{C°°{G)) and G C(V'{G)) for every s G M. Let us define 

{f,9)HsiG) = {E^f,E^g)LHG) if, 9 G C^{G)). 

1 /2 

The completion of C°°{G) with respect to the norm / ||/||h=(g) = {fyf)H=(G) 
gives us Sobolev space H^{G) of order s G M, which coincides with the Sobolev 
space obtained using any smooth partition of unity on the compact manifold G. 
Operator is a Sobolev space isomorphism H^{G) — > H^~^{G) for every r, s G M. 
To formulate the corresponding boundedness result in Sobolev spaces, let us introduce 
some notation. 

Let ^ G Rep(G'). Given v,w eTC^, the function ^'"^ : G C defined by 

rix) := {ax)v,w)n, 

is not only continuous but even C°^-smooth. Let span(^) denote the linear span of 
^^vw . y^yj ^ TY^i , If ^ r] theu span(^) = span(77); consequently, we may write 

span[^] := span(0 C C^{G). 
It follows that —^C,'"^{x) = \[^]^'"^{x), where A[^] > 0, and we denote 

(3.2) (0 = (1 + Ak])^/^ 

We note that <J^{x,C,) = —Xi^]Idim^, where /dimg is the identity mapping on H^. 
Now we can formulate the main result on Sobolev space boundedness: 

Theorem 3.2. Let G be a compact Lie group of dimension n. Let A be an operator 
with symbol a a defined as in Definition \2. !A Assume that there are constants fi, Ga G 
M such that 

\\d:aA{x,0\\op<G^ iO' 

holds for all X E G , C, E Rep(G') and all multi-indices a, where = d^^ ■ ■ ■ d^" is as 
in Theorem \3.1\ Then A is bounded from H'^{G) to H''^^'^{G), for all s G M. 

Remark 3.3. We shall prove this theorem later in Section [HI after introducing tools 
for symbolic calculus. However, notice that we may easily obtain a special case of 
this result with s = fi. Namely, if a a is as in Theorem 13.21 then 

\\d:{aA{x,o{0-'')L,<Ca 

for every multi-index a. Here aA{x,^){^)^^ = crAoE.-i^{x,C,), and thus Theorem 13.11 
implies that A o S"^ is bounded on L^{G), so that A G C^H^'^G), L'^{G)). 
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4. Preliminaries on SU(2) 
We study the compact group SU(2) defined by 

SU(2) = {ue C^""^ : det(M) = 1 and u*u = l] , 

where e = / = 'j'^ G C^^^ is the identity matrix. Matrix u E C^^^ belongs to 

SU(2) if and only if it is of the form u = ^ ^ , where |ap + = 1. We 

will now fix the notation concerning the representations of SU(2). Let us identify 
z = {zi,Z2) G with matrix z = (^i Z2) E C^^'^, and let C[zi,Z2] be the space of 
two-variable polynomials / : ^ C. Consider mappings 

: SU(2) ^ GL(V^), {t^{u)f){z) = f{zu), 

where I E |Mo may be called the quantum number, and where V/ is the (21 + 1)- 
dimensional subspace of C [2:1, 2:2] containing the homogeneous polynomials of order 
21 E No, i.e. 

{21 
f E C[z,, Z2] : f{z,, Z2) = akzlzl'-\ WYLo C C 
fc=0 

Then the family {t'l^gij^^j is the family of irreducible unitary representations of SU(2) 
such that any other irreducible unitary representation of SU(2) is equivalent to one 
of The collection {qi^ : k E {— /, — / + 1, ■ ■ ■ ,+/ — !, +/}} is a basis for the repre- 
sentation space VJ, where 



qik[.z) 



J-kJ+k 
Zi ^2 



Let us give the matrix elements t^nl^) ^{u) with respect to this basis, where fl4.ip 
is well-known and 04.21] follows from it. 

Proposition 4.1. Let = • Then 

d V"'" / d \ {z^a + Z2c)'-\z^h + ^2^)'+" 



(4.1) 4n(«) 

where 



dzj \dz2) v^(/-m)!(/ + m)!(/-n)!(/ + n)!' 

I I (1 - / d y^"" 

Pmni.^) = Cm„ ^-^ _^ ^Ym+n)/2 ( J [C^ ~ ^) (1 + x) + ] 



with 



^2-' (-1)'"" i'^"'" l{l + m)\ 



mn 



Moreover, we have 



, , , , , /(/ - m)!(Z + m)! 
<^'2) -'/ V „)!(/ + n)^ 
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min{;— ra,;— m} , 

X y — -nj.(/ + n ■ 

^-^ — n — zj'Al — m — z)\(n + m + zj] 

j=max{0,n-m} ^ ' ^ ' ^ ' 

On a compact group G, a function / : G — > C is called a trigonometric polynomial 
if its translates span the finite-dimensional vector space, i.e. if 

dim span |(a; t-^ f{y^^x)) : G ^ C \ y E G} < oo. 

A trigonometric polynomial can be expressed as a linear combination of matrix el- 
ements of irreducible unitary representations. Thus a trigonometric polynomial is 
continuous, and on a Lie group even G°°-smooth. Moreover, trigonometric polyno- 
mials form an algebra with the usual pointwise multiplication. On SU(2), actually, 

i+i' 

^m'n' ^mn / j ^m'm{m'+rri) n'n{n'+n) {m' +m)(n' +n)^ 

k=\l-l'\ 

where G^/^^l_,_^j are Clebsch-Gordan coefficients, for which there are explicit for- 
mulae, see e.g. [31]. Now we are going to give basic multiplication formulae for 
trigonometric polynomials t''^^ : SU(2) C; for general multiplication of trigono- 
metric polynomials, one can use these formulae iteratively. 



Theorem 4.2. Let 



^ ^-^ > j1/2 _ I ''-1/2,-1/2 ''-1/2, +1/2 

— I 1 /o I/O 



+ ^''+1/2,-1/2 ''+l/2,+l/2^ 



and denote := x ± 1/2 for x G M. Then 



.1 . ^ v/(/-m + l)(/-n+l) ,+ ^(l + m){l + n) 



.1 . _ ^/{l + m + l){l + n + l) ,+ ^(/_^)(/_^) 

'^mn'^++ 21 -\- 1 '^m+n+ ' 2/ + 1 m+n+y 



I ^ ^{l-m + l){l + n+l) ,+ ^(l + m){l-n) 

^mn — h 2/ -|- 1 m~n+ 2/ -|- 1 m~n+i 



I ^ ^{l + m + l){l-n + l) ,+ v/(/-m)(/-Fn) 

mn -\ — 2/ -|- 1 m+n~ 2/ -|- 1 m+n~' 

These formulae imply, in particular, that expressions similar to these will appear 
naturally in the developed quantization of operators on SU(2). 



5. Left-invariant differential operators on SU(2) 

Let us analyse first-order partial differential operators on SU(2) from the point of 
view of pseudo-differential operators and their global quantization. Homomorphisms 

: M — SU(2) are called one-parametric subgroups, and they are of the form uj = 
{t 1-^ exp(tF)) for Y = ^^'(0) G su(2). As usual, we identify the Lie algebra su(2) with 
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the left-invariant vector fields on SU(2), by associating Y G su(2) to the left-invariant 
operator Dy : C°°(SU(2)) ^ C°°(SU(2)) defined by 

(5.1) Dyfix) = ^f{x eMtY)) 

Remark 5.1. Notice first that vector field iDy is symmetric on an arbitrary G: 

i^Dyf, g)L2^G) = jj^Dyf){x) g{x) dx^-i f{x) Dyg{x) dx = (/, iL>y^)^2(G) ■ 

Hence it is always possible to choose a representative ^ e Rep(G) from each [^] G G 

/A, X 

such that aiBYi^^C) is a diagonal matrix I ■-. , with diagonal entries 

\ '^dim(^)/ 

Xj e M, which follows because symmetric matrices can be diagonalised by unitary 
matrices. Notice that then also [(TiDyi '^Ai^iOmn = {^m — ^n) '^A{x,^)mn- 

In the case of SU(2), we will simphfy the notation writing f{l) instead of f{t^), 
etc., since we can take a representative in each equivalence class in SU(2). 

Definition 5.2. Let us define one-parametric subgroups uji,ijJ2.,oj^ : K — > SU(2) by 

■cos(i/2) isin(i/2)\ 



isin(i/2) cos(i/2) ) ' 



_ /cos(t/2) -sin(t/2)\ 
- l^sin(t/2) cos(t/2) ) ' 



Let Yj :=u;'(0), i.e. 



eit/2 
e-«/2 



2 Vi 0/ ' 2 VI / ' 2 VO -iy 

Matrices 11, 12, ^3 constitute a basis for the real vector space 5u(2). Notice that 

[Fi, Y2] = Y^] = Fi, [^3, Y^] = Y2. 

Let us define differential operators Dj :— Dy.. 

We note that matrices |Yj, j = 1,2,3, are known as Pauli (spin) matrices in 
physics. It can be also noted that t — spa,n{Ys} and p — span{Yi, Y2} form a Cartan 
pair of the Lie algebra su(2). 

Proposition 5.3. Let Wj — a;j(7r/2) and i e R. Then 

wi u;2{t) w^^ = Oi;s{t), W2 uj3(t) = OiJi(t), uji(t) w^^ = 0J2it). 
The differential versions of these formulae are 

w, Y2 uJi' = F3, W2 I3 w^' = Fi, w, Y, 1 = Y2. 
The proof is straightforward and follows simply by multiplying these matrices. 
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Proposition 5.4. We have 

Symbols of operators Di,D2 can be turned to that of D3 by taking suitable conjuga- 
tions: 

(5.2) aoA^J) = t\w2) aD,{x,l) t\w2)\ 

(5.3) or^,(x,/) = t\w^Y aD,{x,l)t\w^). 

Moreover, if D e su(2) there is u e SU(2) such that (Jd{1) = t\u)* aosil) t\u). 

Proof. Combining Lemma 12.111 witli Proposition 15.31 we see that (D3)(u,^)^ = D2, 
(Di)(^2)^ = and {D2){wj,)ii ~ -^i- Since Di,D2,D3 are left-invariant operators, 
their symbols ao^ixj) do not depend on x G G, and by Proposition 12.101 we obtain 
(15. 2p and (15. 3p . The last statement follows from Proposition 12.101 since D is a rotation 
of D3. □ 

Although operators Dj have meaning as derivatives with respect to ^ Pauli matri- 
ces, it will be technically simpler for us to work with their linear combinations (see 
Remark 15. 9t also for the explanation of the terminology), which we will now define. 

Definition 5.5. Let us define left-invariant first-order partial differential operators 
5+,(9_,(9o : C°°(SU(2)) — » C°°(SU(2)), called creation, annihilation, and neutral 
operators, respectively, by 

rDi = f (9_+9+) 

i.e. lD2='^id^- d+) , 
[D^ = -ido. 

Remark 5.6. The Laplacian ^ satisfies ^ = Df + Dj + and Dj] = for 
every j G {1, 2, 3}. Notice that it can be expressed as .if = — 5q — (<9+c}_ -|- 9_c?+)/2. 
Operators d+, (9_, do satisfy [do, d+] = d+, [d-, do] = d-, [d+, d-] = 2do. 

Theorem 5.7. We have 

5+4n = -V{l-n){l + n + l) 

= -V(/ + ^)(/-n+l) 

•^^mn ~ ~l{l + 1) ^mn- 

Proof. Formulae for d^,d^,do follow from calculations in [311 P- 141-142] . Since 

^ = - (9+9_ + 9_9+)/2, 

we get 

^4n = 4n + I {Vi^ + n){l-n + l) d+tl^^^, 

+ y/il-n){l + n + l) dX,n+i) 









d_ 




+ a 


do 







2 



2n^ + ^{l + n){l -n+l)^{l-{n- + (n - 1) + 1) 
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+ - n){l + n + iy{l + {n + !))(/ - (n + 1) + 1)) 4„ 
= :±{2n^ + {l + n){l-n + l) + {l-n){l + n + l))tl^ 
= ^ {2n' + 2{f - n') + (I + n) + {I - n)) 4„ 



-/(/ + 1) t: 



I 

mn' 



□ 



We can now calculate symbols of d+,d-, do and of the Laplacian Jtf. 
Theorem 5.8. We have 

<ya+{x,l)mn = -A/(/-n)(Z + n + l) 6m,n+i = - \/(/ - m + 1) (/ + m) 



0-d.ix,l)mn = + n){l -n+1) 5m,n^l = -a/ (1 + 171 + - Ul) 

'^9o('^' ^^mn ^ ^mn ^ ^mny 

(yj^{x,l)mn = -l{l + l)6mn, 

where 5mn is the Kronecker delta: 6mn = 1 for m = n and, 5mn = otherwise. 

Proof. Let e G SU(2) be the neutral element of SU(2) and let be a unitary matrix 
representation of SU(2). First we note that 

^mn t {e)mn t (x X^mn ^ ^ ^ (-^ )mA; ^ ('^)A;n ^ ^ ^ (•^)A;m ('^)fc?i- 

Similarly, (5mri = ^^'^'(a;)mA: t\x)nk- From this, formulae fl2.9l) - fl2.8p . and Theorem 15 .71 

k 

we get 



= -^(l-n){l + n + l)J2Ami^) A,n 

k 

= -a/ (/ - + n + 1) 6m,n+l, 

and the case of aQ_ (x, /) is analogous. Finally, 



k k 

and similarly for completing the proof. □ 

Remark 5.9. Notice that (JQq{x, I) and a^{x, I) are diagonal matrices. The non-zero 
elements reside just above the diagonal of cro^(x,/), and just below the diagonal of 
ag_{x,l). Because of this operators do, 9+ and (9_ may be called neutral, creation 
and annihilation operators, respectively, and this explains our preference to work 
with them rather than with -Dj's, which have more non-zero entries. 
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6. Differences for symbols on SU(2) 

In this section we describe difference operators on SU(2) leading to symbol inequal- 
ities for symbols introduced in Definition 12.31 From Proposition 14. II and Theorem 14.21 
we recall the notation 



^1/2 




Definition 6.1. For q G C°°(SU(2)) and / G V'{S\]{2)), let A ,/(/) := We 
shall use abbreviations A+ = A^^, A_ = Aq_ and Aq = Ag^, where 



_ , _ ,1/2 
1- ■~ ~ ''-l/2,+l/2' 

_ , _ ,1/2 
1+ ■~ ''+- ~ ''+1/2,-1/2' 

_ , _ , _ ,1/2 _ ,1/2 

QO ■— I t++ — ^^-1/2, -1/2 ''+1/2, +1/2- 

Thus each trigonometric polynomial g+, g_, go £ C°°(SU(2)) vanishes at the neutral 
element e G SU(2). In this sense trigonometric polynomials g_ + q+,q- — q+,qo on 
SU(2) are analogues of polynomials Xi,X2,X3 in the Euclidean space M^. 

The aim now is to define difference operators acting on symbols. For this purpose 
we may only look at symbols independent of x corresponding to right invariant op- 
erators since the following construction is independent of x. Thus, let a = a(^) be a 
symbol as in Definition 12.31 It follows that a = 's for some right-convolution kernel 
s G V'{SU{2)) so that operator Op{a) is given by 

Op{a)f = f*s. 

Let us define "difference operators" A_|_, A„, Aq acting on symbol a by 



(6.1) 


A+a 


:= g^^s 


(6.2) 


A_a 


:= qZ~s 


(6.3) 


Aoa 


■= QiTs- 



We note that this construction is analogous to the one producing usual derivatives in 
M" or difference operators on the torus T" (see \T7] for details). On SU(2), to analyse 
the structure of these difference operators, we first need to know how to multiply 
functions t^^^ by g+, g_, go; and the necessary formulae are given in Theorem 14.21 

Let us now derive explicit expressions for the first order difference operators A_|_, 
A_, Ao defined in f l6.ip - fl6.3l) . To abbreviate the notation, we will also write aj^^ = 
l)nmi even if symbol a(x, /) depends on x, keeping in mind that the following 
theorem holds pointwise in x. 

Theorem 6.2. The difference operators are given by 



_ v/(/-m)(/ + n) v/(/ + m + l)(/-n + l) ,+ 

[^-^)nm ~ 2/ + 1 ^n~rn+ 2/ -|- 1 ^n~m+y 



27T1 27Ti 
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_ v/(/-m)(/-n) , ^{^l + m + l){l + n + l) 

l^O"J„m — 21 + 1 2/ + 1 "n+m+ ~ 



+ m)(/ + n) _ -m + l){l - n + 1) ^+ 



21 + 1 21 + 1 

where /c^ = /c ± |, anc? satisfy commutator relations 
(6.4) [Ao, A+] = [Ao, A_] = [A_, A+] = 0. 

Proof. Equalities (16.41) follow immediately from (I6.ip -( l673l) . We can abbreviate a{x, I) 
by a{l) since none of the arguments in the proof will act on the variable x. Recall 
that by (12.61) we have 



mn' 



a(x, l)nm = a^m = Kl)nm = / s{y) t[^^{y) dy, 

and 

(6.5) six) = J](2/ + 1) Tr (a(x, /) t\x)) = J](2/ + 1) J] 4 

I I m,n 

In the calculation below we will not worry about boundaries of summations keeping 
in mind that we can always view finite matrices as infinite ones simply by extending 
them be zeros. Recalling that g_ = and using Theorem 14. 2^ we can calculate 

I m,n 

= Yl Yl [^--"+ V(/ - m + 1) (/ + n + 1) - ^(/ + m) (/ - n) 

I m,n 

= J2J2^'rnn Un-m+ ^/ {I ' m){l + Tl) - a'^-^+ ^/ {I + TU + - Tl + I) 



I m,n 



Since A_a = qZs, we obtain the desired formula for A_. The calculation for A_|_ is 
analogous. Finally, for Aq, we calculate 

Qos = ^(2/ + 1) ^ <^ go 4n 

I m,Ti 

= J2 J2 ""nm [C-n- V(/ " m + 1) (/ - n + 1) + C,- ^ (l + m){l + n) 

I m,n 

- C+n+ Vil + ^ + m + n + l) - t'^+^+ y/{l-m){l-n) 
= Un+m+ ^/ {I - m){l - u) + 0^-™+ V(/ + m + 1) (/ + n + 1) 



/ m,n 



Vil + m)il + n) - at^- V(/ - m + !)(/- n + 1) 



From this we obtain the desired formula for Aq and the proof of Theorem 16.21 is 
complete. □ 

Let us now calculate higher order differences of symbol aa^o which will be needed 
in the sequel. 
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Theorem 6.3. For any a G Ng, we have the formula 
where Aq is given by 

^{l-m){l-n) I- ^^{l + m + l){l + n + l) ;+ 



(Aoa)L = ^ 



V(/ + m)(/ + n) v/(/-m + l)(/-n + l) ;+ 



and satisfies [Aq, Aq] = 0. 

Proof. First we observe that we have 



fcm ^ O-n 



Then using Theorem 16.21 we get 



v/(/-m)(/ + ra) ^ _ + m+l){l - n + 1) ^ ;+ 



(m+A_a)„^, 



and we can abbreviate this by writing A_{aag^) = m+A_a. Further, we have 
A _(A_(a<Ta,))L - 

= ^" [A-(«a^)ir-„. - |A-(«a^)i:-„. 

Continuing this calculation we can obtain 

(6.6) [A^ (aaao)]l„ = + k/2){A>la)l^. 

By Theorem 16.21 we also have 

[A+(A_(aaaJ)]L = 
= [A^KA_a)]l^ 

o; I 1 V / n+m^ o; I 1 V 'J n+m,- 



= m(A.A. 



By induction we then get 

(6.7) [A^^Ai^ {aaa,)t^ = (^ - ^i/2 + h/2){A'^^At'ay^^. 
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The situation with Aq is more comphcated because there are more terms. Using 
Theorem 16.21 we have 



Ao(aaaJ 



I 

nm 



2/ + 1 ^ ^" 



+ 



v/(/ + m + l)(/ + n + l) 1+ 



21 + 1 



ma] 



ma] 



v/(/-m + l)(/-n + l) 



v/(/ + m)(/ + n) 
2/ + 1 ' 

^J{l-m){l-n) _^ v^(/ + m + l)(Z + n + 1) 



2/ + 1 



ma 



2/ + 1 



2/ + 1 



+ 1+ 



2/ + 1 

m(Aoa)^„ + ■ 



m ai 



v/(/-m + l)(/-n + l) _ ,+ 

— ; m a„- 

21 + 1 



y/{l-m){l-n) I- ^{l + m + l){l + n + l) ^ 



21 + 1 



21 + 1 



^y(/ + m)(/ + n) 



^{l-m + l){l-n + l) 1+ 
2U1 """^ 



2/ + 1 '^''"^ 
where Aq is a weighted averaging operator given by 



(Aoa) 



nm 



./{l-m){l-n) ^ 
21 + 1 



^{l + m + l){l + n + l) 1+ 
^ 2ZT1 «-+m+ + 



v/(/ + m)(/ + n) 
2/ + 1 



^(/-m + l)(/-n + l) ^+ 
27T1 """" 



We want to find a formula for Aq, and for this we first calculate 



[Ao(Aoa 



I 

nm 



\/{l-m){l-n) — 
21 + 1 

^(^l + rn){l + n) 



v/(/ + m + l)(/ + n + l) — 



2/ 



2/ + 1 
-m){l -n)l 
~2 



Aoa)„_^- 2/ + 1 



2/ + 1 



2/- + 1 



v/(/-+m+ + !)(/- 



1) 



2/- + 1 

v/(/-+m+)(/- + n+) 



2/- + 1 



TV 



21 



^{l + m + l){l + n + l)l 1 



21 + 1 



2 2/+ + 1 



v/(/+-m+)(/+-n+)a^+"+^++ + 



+ 
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+ + m+)(l+ + n+)a^+"-„+- + Vi^^ - m+ + - n+ + l)a[ 



i++ 



^")«n-+m-+ + 



V{l + m){l + n) l 1 r . 

27Ti 2 2FTlK^^ "^^^^ 

+m- + +n- + l)a^"-V+ + 
+ V(Z- + m-)(Z- + n-)a^V_^__ + - m- + !)(/- - + iX"-""-, 

27T1 2 2FTT K(^^-^ )(^^-^ K-.„.-.+ 

+ m- + + n- + l)aJ,t.V+ + 
+ V(/+ + m-)(Z+ + n-)a^t-_^- + - m" + !)(/+- n" + 

Prom this we get 

[Ao&)]L = 
_ ^/{^^m){f^^l 1 - 
~22l . 



21 + 1 

+ v/(/ + m + 1)(/ + n + + 



^/il-m- -n- l)a^7w++ 



+ vT^Tm)(rTn)ai^ + {I - m){l - n)al 
,/{l + m + l){l + n + l)l 1 



+ 



V(/-m)(/-n)a^++„++ + 



2Z + 1 2 2/ + 2 

+ ^/{l + m + 2){l + n + 2)a5-+„++ + 

+ Va + m + l)(Z + n + l)aL + - m + 1)(Z - n + l)a^tl] - 

1 1 r /7i — — V I-- 

- 21 + 1 221 Wil-m){l-n)al^ + 

+ V(/ + m)(/ + n)aL + 

+ + - + ^ - ^)ci'n--m— + \/(/-m + l)(/-n + l)a^- 



v/(/-m + l)(/-n + l) 1 1 



21 + 1 2 2/ + 2 

+ + m + 1)(/ + n + 1)0^""^ + 



V(/-m+l)(Z-n + l)aL+ 



+ ^/{l-m + 2){l-n + 2)a^^ 



i++ 



and we can note that here pairs of terms with al^^^ , aj^^ cancel, and also four terms 
with cancel in view of the identity 

{l-m){l-n) ^{l + m+l){l + n + l) {I + m)(l + n) {I - m + - n + I) 



(2/ + l)(2/) 



(2/ + l)(2/ + 2) 



(2Z + 1)(20 



(2/ + l)(2/ + 2) 
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_-2l{m + n) (2/ + 2)(m + n)_ 
~ (2Z+1)(2/) ^ (2/ + l)(2/ + 2) ~ 

Calculating in the other direction, we get 

, 1 V(/ + m + l)(/ + n + l) ^^ 1+ 
+ o i^oaj„+^+ + 
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1 v/(/-m)(/-nj ^^ ^ 1 v^t + m + ij^t + n + i; ^^ 

2 27T1 + 2 27Tl 

1 V(/ + m)(/ + n) ^^ , 1 V(/-m + l)(/-n + l) ^^ 

2 2z + 1 + 2 ^[qri (^oa)„- 



+ 



v/(/ -m)(Z -n) 1 



2Z + 1 



2 2Z- + 1 



V(^--m+)(Z--n+)al" 



+ 



- a/(/~ +m+)(/- + n+)a 



V(/ + m + l)(/ + n + l) 1 1 
^ 2/ + 1 2 2/+ + 1 



+ 



+ + m+ + !)(/+ + n+ + l)a^++„++ - 

m+)(/+ + n+)a5:_„+_ - - m+ + !)(/+ - n+ + l)aSr_^+- 



v/(^ + m)(^ + n) 1 1_ 



+ 



2^ + 1 



2 2/- + 1 L 



— -1 \ i 

- + m-){l- + n-)a^V_^__ - y(F^m^Tl)(F^rFTl)a 



+ 



I V(/-m + l)(/-n + l) 1 1 r / ^,+ , 
+ 2IT1 2 2FTTK^^ K-.^-+ 



- V(/+ + m-)(/+ + n-)a^^" 
From this wc get 



m' 



+ l)(/+-n- + l)a: 



[Ao(Aor/; 



-m){l -n) 1 1 
2Z + 1 22/ 



v/(/-m-l)(/-n-lX' 



,++m.++ 



+ 



+ m + 1)(Z + n + - 
- y(Z + m)(Z + n)a^„ - ^(Z - m)(Z - n)a^, 



+ 



V{1 - m){l - n)al++, 



^y{l + m+l){l + n + l)l 1 
^ 2Z + 1 2 2Z + 2 

+^y{l + m + 2){l + n + 2)a5-+„++ - 

- V(^ + "^+l)(^ + « + l)«L - \/(^-m+l)(/-n+l)a 



+ 



nm 



+ 
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y/il + m){l + n) 1 1 



^/{l-m){l-n)a^;~ + 



21 + 1 221 
+ ^{l + m){l + n)ai^ - 

~r 1 — ATI "TTZ ~r 7 ^ 



- v^(/ + m - + n - l)a^— ^— - v/(/ - m + - n + l)a: 
^^(/-m + l)(/-n + l)l 1 



I 

n m~ 



21 + 1 2 2/ + 2 



v/(/-m + l)(/-n+l)aL+ 



+ ^{l + m + l){l + n + l)a„„ 



/++ _ 

v/(/ + m)(/ + nX__„__ - v/(/-m + 2)(/-n + 2)a'^^ 
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and we can note that here terms a^nnw '^nm ^'^d a}^^ cancel again. From these calcu- 
lations we obtain 

AoAoa = AoAoa. 

Then we can easily see that 

/\^{ma) = Ao(mAoa + Aqo) = mAga + 2AoAoa, 

and, moreover, 

Ao(ma) = mApa + fcA^Ag^^a. 
Let us now apply this to (16. 7p . Using commutativity of Aq, A+ and A_ from Theo- 
rem [Hill we get 

1 1 



I nm 
1 1 



[At^Ai^AS^(aaao)]; 
= [Ao^^A^^Al^(aaaJ]l„ 
= [A^^ ((m - h/2 + h/2)Al^At^a)][^ 
= [A',^ {mAl^At^a)][^ - [A^'« {{h/2 - h/2)Al^A'l^a)][^ 
= m [Ao^3A^iA^_^a];^^ + h [A^A^^-i A^^a] - 
-{h/2 ~ h/2) [A^'Al^At^a][^ 

= {m- h/2 + h/2) [Al^A'^jA'^.^all^ + h [AoA^^ A^^ A',^-'a][^ , 
completing the proof. □ 

We now collect some properties of first-order differences. 
Theorem 6.4. We have 

(6.8) ai = A+ag^ = A_aa_ = Aoaa,^. 
If fi,!^ E {+, — , 0} are such that ^ y, then 

(6.9) A,aa^ = 0, 
and for every v G {+, — , 0}, we have 

(6.10) Ayai{x) = 0. 
Moreover, if =Sf is the bi-invariant Laplacian, then 

(6.11) A+(r^ = -a9_, A_ay = -(rQ^, Aqo<^ = -2ad^. 
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Proof. Let us prove f l6.8p . From Theorem 14.21 we get an expression for q'+t^n — 
which is used in the following calculation together with (16.51) and Theo- 
rem [531 

q+ Sa+ = g+ J^(2Z + 1) (^3+ {l)ran 

I m,n 

= 5Z 5Z + 1) q+ t,n+l 

I n 

= EE- (v'(^ -n){l + n + l)y - tt,; 

Z n 

= E(2^ + i)E^^ 



Z A; 
Si- 



Hence A+aa^ = cr/. Similarly, we can show that A_aa_ = ai and that Aocrag = o"/. 
Let us now prove (16. 9p . We have 

g+ sa_ = g+ ^(2/ + 1) E {l)mn 

Z m,n 

= E E (2/ + 1) g+ 4,„_i 

Z n 

= 5^5^-V(/ + n)(/-n + l) 

Z n 

V(/+^+i)(^-^+2) cy;2,„_3/2 



EE 

n+l/2,n-3/2 
Z n 

+ n + - n + 2) v/(/ - n + + n) 



+ + n){l - n + 1)^/(1 + n + - n + 2)) 



0. 



Analogously, one can readily show the rest of (16.91) . Let us now prove (l6.1Up . We 
have 



mn 



I m,n 
I n 

= E E (v/(^ -n + m + n + l) C^^, - v/(/ + n)il- n) ) 

Z n 

= E EC>n+ - + n) - v/(/ + n){l- n)) 



I n 
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= 0. 

Analogously, we have g+ sj = qo si = which proves proves (16.101) . Let us finally 
prove (16. lip . Since 

0-Jf{x, l)mn = + 1) 5mn 

by Theorem 15.81 we get 

I m,n 
I n 

= 5^ 5^ /(/ + 1) [+Vil-n + m + n + 1) 

I n 

-^{l + n){l-n) 
= E (+^(^ + + m + n + l) 

I n 

-{I + 1)(/ + 2)v/(/ + n + l)(/-n + l)) 
= J] J] -2(/ + 1) + n + 1)(/ - n + 1) 

Z n. 

Analogously, one can readily show that g+ s„^ = sq_ and that go -S-i? = 2s9q, 
completing the proof. □ 

Remark 6.5. In Theorem 16.41 we applied the differences on the symbols of specific 
differential operators on SU(2). In general, on a compact Lie group G, a difference 
operator of order I7I applied to a symbol of a partial differential operator of order N 
gives a symbol of order N — |7|. More precisely, let 

\a\<N 

be a partial differential operator with coefficients Cq G C°°{G). For q G C°°(G') such 
that q{e) = 0, we define difference operator Ag acting on symbols by 

AJ(0:=5(0- 

Then we obtain 

which is a symbol of a partial differential operator of order at most — 1. 
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7. Taylor expansion on Lie groups 

As Taylor polynomial expansions are useful in obtaining symbolic calculus on M", 
we would like to have analogous expansions on group G. Here, Taylor expansion 
formula on G will be obtained by embedding G into some R"*, using the Taylor 
expansion formula in W^, and then restricting it back to G. 

Let U C be an open neighbourhood of some point e G M™. The A'"th order 
Taylor polynomial P/v/ '■ R™ — > C of / G C°°{U) at e is given by 

P^/(f)= ^(^-eT5:/(e1. 

aeN}^: \a\<N 

Then the remainder E^f :— f — PnJ satisfies 

\a\=N+l 

for some functions fa G C°°{U). In particular, 

ENf{x)^0{\\x-e\f+^) as x ^ e. 

Let G be a compact Lie group; we would like to approximate a smooth function 
u : G ^ £- using a Taylor polynomial type expansion nearby the neutral element 
e G G. We may assume that G is a closed subgroup of GL(n, M) C M**^", the group 
of real invertible (n x n)-matrices, and thus a closed submanifold of the Euclidean 
space of dimension m — n^. This embedding of G into will be denoted by x i— > 
and the image of G under this embedding will be still denoted by G. Also, if x G G, 
we may still write x for x to simplify the notation. Let U C R™ be a small enough 
open neighbourhood of G C R™ such that for each x E U there exists a unique 
nearest point p{x) G G (with respect to the Euclidean distance). For u G G°°{G) 
define / G G°°(C/) by 

/(,x) := u{p{x)). 

The effect is that / is constant in the directions perpendicular to G. As above, we 
may define the Euclidean Taylor polynomial Pat/ : R™ — >■ C at e G G C R"'. Let us 
define P^u : G — > C as the restriction, 

Pnu := PnJIg- 

We call Pnu G G°°(G) a Taylor polynomial of u of order N at e E G. Then for 
X G G, we have 

u{x) — Pnu{x) — Ua{x) {x — e)" 

|a|=Ar+l 

for some functions Ua G G°°{G), where we set (x — e)" := (x — e)". Taylor polynomials 
on G are given by 

\a\<N 

where we set d!f^u{e) := d^f{e). 

Let us now consider especially G = SU(2). Recall the quaternionic identification 

{xqI + xii + X2i + xak {xq, Xi, X2, x^)) : H ^ R^. 



28 MICHAEL RUZHANSKY AND VILLE TURUNEN 

Moreover, there is the identification H D = SU(2), 

^ / N f Xo + iXs Xi + iX2\ f Xii Xi2\ 

X = [Xo,Xi,X2,X3) ^-> , . • = ] = X. 

^ ' \-Xi + 1X2 Xq - 1X3 J \X2l X22 J 

Hence we identify (1, 0, 0, 0) G M'^ with the neutral element of SU(2). Notice that 

q+{x) = X12 = xi + ix2, 

= X21 = -a;i + ia;2, 
qo{x) = Xn - X22 = 21x3. 

A function u E can be extended to / G C°°{U) = \ {0}) by 

f{x) := u{x/\\x\\). 

Then we obtain Pnu G C°°{S^), 

\a\<N 

where e = (1,0,0,0). Expressing this in terms of x G SU(2), we obtain Taylor 
polynomials for x G SU(2): 



\a\<N 

where we write di°'^u{e) = d^f{e), and where 
(x - e)" = (f - e)" = {xo - x^^x°^ = 

- 1 



Xii + X22 T \ / Xi2 — X21 \ I X12 + X21 \ / Xii — X22 



2i y V 2i 

8. Properties of global pseudo-differential symbols 

In this section, we study the global symbols of pseudo-differential operators on 
compact Lie groups. We also derive elements of the calculus in more general classes 
of symbols, and prove the Sobolev boundedness Theorem 13. 2[ 

As explained in Section [71 smooth functions on a group G can be approximated 
by Taylor polynomial type expansions. More precisely, there exist partial differential 
operators di"''' of order |a| on G such that for every u G G°°{G) we have 
(8.1) 

\a\<N ' |a|=Ar+l a>0 

in a neighbourhood of e G G, where Ua G G°°{G), and qa G G°°{G) satisfy qa+p = 
qaq/3- Moreover, here go = 1, and ga(e) = if \a\ > 1. Let us define difference 
operators acting on Fourier coefficients by A^/(^) := qafiO- Notice that Al"*"^ = 

A OA /3 
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Remark 8.1. The technical choice of writing qa{x^^) in (18. ip is dictated by our 
desire to make asymptotic formulae in Theorems 18.31 and 18.41 look similar to the 
familiar Euclidean formulae, and by an obvious freedom in selecting among different 
forms of Taylor polynomials qa- For example, on SU(2), if we work with operators 
A_|_, A_, Aq defined in (16. ip - (16. 31) . we can choose the form of the Taylor expansion 
(18. ip adapted to functions q+,q^,qo- Here we can observe that g+(x^^) = — g_(x), 
g-_(x~^) = —q+ix), qo{x~^) = —qo{x), so that for \a\ = 1 functions qa{x) and qa{x~^) 
are linear combinations of g+, g_, go- 

Let {yj}^™^'^'' be a basis for the Lie algebra of G, and let dj be the left-invariant 

vector fields corresponding to Yj. For /3 G Ng, let us denote 9^ = d^^ ■ ■ ■ 

For a compact closed manifold M, let A^lM) denote the set of those continuous 
linear operators A : C~(M) C°°{M) which are bounded from H'^{M) to L'^{M). 
Recursively define ^"+i(M) C ^^(M) such that A e Af{M) belongs to ^™+i(M) 
if and only if [A, D] = AD — DA E A^i^M) for every smooth vector field D on M. 
Now we will use a variant of the commutator characterization of pseudo-differential 
operators (see e.g. [21 El HI O [30]), but we will need the following Sobolev space 
version proved in [31], assuring that the behaviour of commutators in Sobolev spaces 
characterizes pseudo-differential operators: 

Theorem 8.2. A continuous linear operator A : C°°{M) —>■ C°°{M) belongs to 
^'"(M) tfand only if A e {XL^A^^iM). 

In such characterization on a compact Lie group M = G, it suffices to consider 
vector fields of the form D = M^d^, where M^f := 0/ is multiplication by G 
C°°{G), and is left-invariant. Notice that 

[A, M^d4 = [A, d,] + [A, M^] 9„ 

where [A,M^]f = A{(f)f) — (pAf. Hence we need to consider compositions M^A, 
AM^, Ao dx and o A. First, we observe that 

(8.2) aM^Aix,^) = 0(x)(Ja(x,O, 

(8.3) (^AodA^iO = (^a{x,0 ^dA^^O^ 

(8.4) (^d^oAix,0 = cr9.(a;,0 ^vi(a:,0 + ('9xfTA)(x,0, 

where aQ^{x,^) is independent of x G G. Here (18. 4p follows by the Leibnitz formula: 

d^oAfix) = 9, 5^dim(0Tr(e(x)aA(x,e)/(0) 

ms 

= ^dim(0Tr((9,.0(a;)a^(x,0/(0) 
Next we claim that we have the fomula 

(8.5) crAM,{x,0 ~ A^V^(x,0 di"^^{x), 

a>0 
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where d'^^ are certain partial differential operators of order |a|. This will follow from 
the following general composition formula: 

Theorem 8.3. Let mi, ma and p > 5 > Let A,B : C^{G) C°°{G) be 
continuous and linear, their symbols satisfying 

for all multi-indices a and (3, uniformly in x E G and [^] G G. Then 
(8.6) aABix,0 ~ (A^V^)(x,0 

a>0 

where the asymptotic expansion means that for every N eN we have 

,1711+1712 — {p — S)N 



Proof. First, 



\a\<N 



op 



ABfix) = [{Bf){xz)RA{x,z-')dz 
Jg 

= f{xy'^)RB{xz,yz)dyRA{x,z~^)dz, 
Jg Jg 

where we use the standard distributional interpretation of integrals. Hence 

(^ab{x,^) = / RAB{x,y) ^{y)* dy 
Jg 

= [ [ RA{x,z-')az-'y RB{xz,yz)ayzr dzdy 
Jg Jg 

= J2^J f Ra{x,z-') q^{z~') ^z-'T d^^RB{x,yz) av^Y dz dy 

\a\<N ^' "^^ "^^ 

+ H I I Ra{x,z-^) q^iz-') ^{z-'y u^{x,yz) Civz) dz dy 



\a\<N \a\=N 



Now the statement follows because we have OIIod — G{^)"^^~^^^ since Ua{x,y) 



op 



is the remainder in the Taylor expansion of Rsi^x^y) in x only and so it satisfies 
similar estimates to those of cxs with respect to ^. This completes the proof. □ 

Before discussing symbol classes, let us complement Theorem 18.31 with a result 
about adjoint operators: 
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Theorem 8.4. Let m e R and p > 6 > 0. Let A : C°°(G) be continuous 

and linear, with symbol a a satisfying 



^•7) ||A^5fa^(x,0|L <C„ (0' 



m— p|ci|+5|/3 



op 



for all multi-indices a, uniformly in x G G and [^] G G. Then the symbol of A* is 
(8.8) ~ E^ A^di"^ aA{x,0% 



a>0 



where the asymptotic expansion means that for every N eN we have 



\ \a\<N 



op 



Remark 8.5. We note that if we impose conditions of the type (18.71) on both symbols 
(Ta, o"B in Theorem 18. 31 we also get the asymptotic expansion (18.61) with the remainder 
estimate as in Theorem 18. 4[ 

Proof of Theorem \8.4\ First we observe that writing A* (^(y) = J^g{x)RA*{y,x~^y) dx, 
we get the relation RA*{y,x~^y) = RA{x,y~^x) between kernels, which means that 
Ra*{x,v) = Ra{xv~^ ,v~^). From this we find 

aA*(x,0 = / Ra*{x,v) ^{v)* dv 



G 



Ra{xv-\v-^) ^{v)* dv 
= E ^ / ^-(^) di"^RAix,v-^) avydv + TlNix^O 

\a\<N •'^ 

^ — ^ al ^ 

\a\<N 

where the last formula for the asymptotic expansion follows in view of 



G 



^a(x,0* = \^J^RAix,v) Civ) dvj = J^RAix^v'^) Civ) dv, 

and estimate for the remainder 7^Ar(x,^) follows by an argument similar to that in 
the proof of Theorem 18.31 □ 

On the way to characterize the usual Hormander's classes \E''"(G) in Theorem 19.21 
we need some properties concerning symbols of pseudo-differential operators. 

Lemma 8.6. Let A G \1'"'(G). Then there exists a constant C < oo such that 

hAix,mop<c{C"' 

for all X E G and ^ G Rep(G'). ^4/50, if u E G and if B is an operator with symbol 
aBix,C = ^a(m,0; then B G W{G). 
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Proof. First, B e "^"^(G) follows from the local theory of pseudo-differential oper- 
ators, by studying Bf{x) — Ka{u, ux~^y) f{y) dy. Hence the right-convolution 
operator B is bounded from H'{M) to H'-'^{G), implying ||(7A(ii,0ll < ^ 

Lemma 8.7. Let A e *"^(G'). Then Op{A^d^aA) e for all a, p. 

Proof. First, given A e ^™-(G), let us define aB{x,^) = A|9f cr^(a;, We must 
show that B e ^'""'"'(G). If here |/?| = 0, we obtain 

Bf{x) = / f{xy~^) qa{y) RA{x,y) dy ^ Qaiv'^x) KA{x,y) f{y) dy. 
Jg Jg 

Moving to local coordinates, we need to study 

Bf{x)^ j (j){x,y) K^{x,y) f{y) dy, 

where A e ^"*(R") with e C°°(R"' xR"), the kernel being compactly supported. 
Let us calculate the symbol of B: 

a^{x,0 = [ ^^^^'-''^■^(t>{x,y)K^{x,y)dy 

JR" 

~ dmx,z)l^J ^^y-^y^ {y-xr K^{x,y)dy 

7>0 ^' '''^ 
7>0 ^' 

This shows that B e ^'"(M"). We obtain Op(A|aA) e if A e 

Next we show that B = Op{d^aA) e ^'"(G). We may assume that = 1. Left- 
invariant vector field is a linear combination of terms of the type c{x)Dx, where 
c G C°°{G) and is right-invariant. By the previous considerations on 5, we may 
remove c{x) here, and consider only C = Op{Dx(Ta)- Since RA{x,y) = KA{x,xy~^), 
we get 

D^Ra{x, y) = {D^ + D^)Ka{x, , 

leading to 

Cf{x)= I f{xy-') D,RAix,y) dy = [ f{y) {D, + Dy)KA{x,y) dy. 
Jg Jg 

Thus, we study local operators of the form 

Cf{x) = [ f{y){ct>{x,y)d^^+ij{x,y)dPy)K^{x,y) dy, 

JR" 

where the kernel of i e has compact support, 0,^' e C°°(R" x R"), and 

x) — ip{x, x) for every x e R". Let C — D + E, where 

Dfix) = [ fiy)cj>ix,y){d^^+d^)K^ix,y)dy, 

JR" 

Ef{x) = / f{y) {i;{x,y)-cl>{x,y)) d^K^{x,y)dy. 
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By the above considerations about B, we may assume that y) = 1 here, and 
obtain cr^(x,0 = d^(^^i^,0- Thus D G ^""(M"). Moreover, 

yielding 

7>0 

for some functions G C°°(M") for which Co(x) = 0. Since \P\ = 1, this shows that 
E G ^™(R"). Thus Op{d^aA) e ^™(G) if A G ^"(G). □ 

Lemma 8.8. Lei A G and /ei D : ^ C°°(G) be a smooth vector field. 

Then OpiaAcrn) G an(i Op([aA,crD]) G 

Proof. For simphcity, we may assume that D = M^d^, where is left-invariant and 

G Now 

and it is well-known that M^A o e Thus Op(a^aD) G Next, 

^ 0(a;) (aa^oA(x,0 - (<9xfTA)(x, 0) 
= (^M^od.oAix, - (^^■crA)(a;, 0- 

From this we see that 

Opi[aA,aD]) = M^Aod.-M^d^oA + M^Opid^aA) 
= M4A, d,] + Op{d,aA). 

Here Op{d^aA) e ^""(G) by Lemma O Hence Op{[aA,(TD]) belongs to ^"(G) by 
the known properties of pseudo-differential operators. □ 

Finally, let us prove the Sobolev space boundedness of pseudo-differential operators 
given in Theorem I3.2[ 

Proof of Theorem \3.2[ Observing the continuous mapping : H^{G) L^{G), we 
have to prove that operator S'^"'^ o Ao is bounded from L'^{G) to L'^{G). Let us 
denote B = Ao so that the symbol of B satisfies ^^(a;, ^) = {0~''^'^a{x,^) for all 
X G G and ^ G Rep(G), where is defined in (EH. Since H^"^ G ^"-^(G), by (IXTj) 
and Lemma 18.71 its symbol satisfies 

(8.9) \\A^a^s-,ix,0\\op<C'^ (0^^'^-'"'. 

Now we can observe that the asymptotic formula in Theorem 18.31 works for the com- 
position o 5 in view of fl8.9p . and we obtain 



It follows that 



a>0 
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SO that E^^f^oB is bounded on L'^{G) by Theorem 13. II This completes the proof. □ 

9. Symbol classes on compact Lie groups 

The goal of this section is to describe the pseudo-differential symbol inequalities 
on compact Lie groups that yield Hormander's classes '^^{G). Combined with as- 
ymptotic expansion fl8.6p for composing operators, Theorem 18.21 motivates defining 
the following symbol classes S'"(G) = Hfelo ^r(^)' ^^^^ ^^^^ show to characterize 
Hormander's class '^^{G). 

Definition 9.1. Let m G M. We denote a a G if 

(9.1) sing supp {y ^^ Ra{x, y)) C {e} 
and if 

(9.2) ||A^"9fa^(x,0llop < CAo^pm (0^'""'"', 

for all X G G, all multi-indices a, /?, and all ^ G Rep(G), where (^) is defined in (13.21) . 
Then we say that a a G S^^(G) if and only if 

(9.3) OA G S™(G), 

(9.4) aa^aA-cTAcra^ G S^(G), 

(9.5) (Aja^)a,^. G Sr^-I^I(G), 
for all I7I > and 1 < j < dim(G). Let 



S™(G) = flS^(G). 



fc=0 



Let us denote A G Oj9S™(G) if and only if a a G S™(G). 

Theorem 9.2. Lei G he a compact Lie group and let m G M. T/ien A G ^'"(G) z/ 
and only if a a G S™(G), z.e. OpT/^{G) = ^™(G). 

Proo/. First, applying TheoremEJto a a G S^_^i(G), we notice that [A, D] G OpS^(G) 
for any smooth vector field D : G°°(G) — > G°°(G). Consequently, if here A G 
OpS'"(G) then also [A, D] G OpS™(G). By Remark E31 OpS'"(G) C C{H'^{G),L'^{G)). 
Hence Theorem [O implies OpS'"(G) C ^"(G). 

Conversely, we have to show that \E'™'(G) C 0pY7^{G). This follows by Lemma [8^ 
and Lemmas 18.71 and 18.81 More precisely, let A G \I'™(G). Then we have 

C'p(A^afaA) G ^™-l"l(G), 

G vi/™(G), 

Oj9((Aja^)aa,) G vI/™+i-H(g'). 

Moreover, ||(Tyi(x, ^)|| < C{^)"^ by Lemma [8^ and the singular support y 1— > RA{x,y) 
is contained in {e} C G. This completes the proof. □ 

Corollary 9.3. The set S™(G) is invariant under x- freezings, x -translations and 
conjugations. More precisely, if (x,^) 1— >■ o"^(x, ^) belongs to S™(G) and u (z G then 
also the following symbols belong to Y7^{G): 

(9.6) (x,0 ^ ^a(m,0, 
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(9.7) ^ (^Aiux,^), 

(9.8) (x,0 ^ crA{xu,0, 

(9.9) (x,0 ^ aA{x,0 ^n)- 

Proof. The symbol classes S™(G) are defined by conditions fl9.ip - fl9.5l) . which are 
checked for points x E G fixed (with constants uniform in x). Therefore it follows 
that £*"((?) is invariant under the x-freezing f l9.6l) . and under the left and right 
x-translations fl9.7p . 09.81) . The x- freezing property 09.61) would have followed also 
from Lemma 18.61 and Theorem 19.21 From the general theory of pseudo-differential 
operators it follows that A G \I/'"(G') if and only if the 0-pullback A^p belongs to the 
same class \E'™'(G), where A^f = y4(/o0)o0~^. This, combined with the x-translation 
invariances and Proposition 12.101 implies the conjugation invariance in 09.91) . □ 

From Theorem 19.21 and Lemma 18.71 we also obtain: 

Corollary 9.4. If a a e S"(G) then A^Sfa^ G S'"-I"I(G). 

10. Symbol classes on SU(2) 

Let us now turn to the analysis on SU(2). In this section we derive a much sim- 
pler symbolic characterization of pseudo-differential operators on SU(2) than the one 
given in Definition 19.11 First we summarize the approach in the case of SU(2) also 
simplifying the notation in this case. 

By the Peter- Weyl theorem {V2l + 1 t^^ : / G |No, -I <m,n <l, I -m,l -n e 
Z} is an orthonormal basis for L^(SU(2)), where were defined in Section HI and 
thus / G C°°(SU(2)) has a Fourier series representation 

/= ^ (2/ + 1)5^ 5^ /(/)„.. C, 
where the Fourier coefficients are computed by 

f{l)mn ■■= I fig) t^nmig) = { f , f-^J L^SV (2)) , 

SO that /(/) G C(2'+^)''(2'+^). We recall that in the case of SU(2), we simplify the 
notation writing /(/) instead of fit'-), etc. 

Let A : C°°(SU(2)) C°°(SU(2)) be a continuous linear operator and let Ra G 
P'(SU(2) X SU(2)) be its right-convolution kernel, i.e. 

Afix) = [ fiy) RAix,y-'x) dy = (/ * i?^(x, ■))(x) 

^SU(2) 

in the sense of distributions. According to Definition 12.31 by the symbol of A we 
mean the sequence of matrix-valued mappings 

ix ^ aAixJ)) : SU(2) ^ c(2'+i)x(2m), 
where 2/ G Nq, obtained from 



(JA[X, ijmn — 




RAix,y) 4^(2/) dy. 
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That is, o"yi(x, /) is the Fourier coefficient of the function y ^ Ra{x, y). Then by 
Theorem 12.41 we have 

^f{^) = 5^(2/ + l)Tr(t'(x)aA(x, /)/(/)) 
I 

Alternatively, by Theorem 12.51 we have 

cta(x,/) = t'(x)* (At') (x), 
that is 

k 

In the case of SU(2), quantity ^t') for ^ = in fl3.2p can be calculated as 

(t'> = (l + A[,])V2 = (i + /(/ + i))V2 

in view of Theorem 15 .7^ and Definition 19.11 becomes: 
Definition 10.1. We write that symbol cta G S[J^(SU(2)) if 

(10.1) sing supp {y RA{x,y)) C {e} 
and if 

(10.2) ||Af9faA(x,/)||^,^,^^,^, < CAa^^ (l + O'"-'"' 

for all X e G, all multi-indices and / G |No. Here A° = AJ^^A^^A^^ and 

= d^'d^^d^'. Moreover, G E™+i(SU(2)) if and only if 

(10.3) aA G S™(SU(2)), 

(10.4) [a9^,crA] = a9MA-aAaa^ G S-(SU(2)), 

(10.5) (A7aA)aa, G sr'^^l(SU(2)), 
for all I7I > and j G {0, +, -}. Let 

00 

S™(SU(2)) = f|S^(SU(2)), 

fc=0 

so that by Theorem [U we have OpE™(SU(2)) = ^"^(SU(2)). 

Remark 10.2. We would like to provide a more direct definition for S™(SU(2)), 
without resorting to classes S^(SU(2)). Condition fll0.2p is just an analogy of the 
usual symbol inequalities. Conditions fllO.lj) and fll0.3p are straightforward. We may 
have difficulties with differences A", but derivatives (9f do not cause problems; if 
we want, we may assume that the symbols are constant in x. By the definition of 
operators Af and we also have the following properties: 

A^d^^aA{x,l) = d^,AyA{x,l), 
dj {(TAix, I) asix, I)) = {djaAix, I)) asix, I) + cta(x, /) djaA{x, /), 
5y {cTAix, I) aeiy, I) adz, I)) = ^^(x, /) [d^aeiy, I)) ac{z, I). 
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We now give another, simpler characterization of pseudo-differential operators. 

Definition 10.3 (Symbol classes on SU(2)). For u e SU(2), denote Auf := A{f o 
0) o 0^^, where = xu; then (by Proposition 12 .fOj ) 

RAAx,y) = RA{xu'^,uyu~^), 
aA^x^l) = t\uy aA{xu-\l) t\u). 

The symbol class 5''"(SU(2)) consists of the symbols of those operators A e 
£(C~(SU(2))) for which {y ^ RA{x,y)) C {e} and for which 

(10.6) \A1df^aA^ix,l),, \ <CAaf3mN ' j)''' (1+/)™"'"' 

uniformly in x, m G SU(2), for every iV > 0, all / G iNo, every multi-indices a, /? G Nq, 
and for all matrix column/row numbers i, j. Thus, the constant in (110. 6p may depend 
on A, a, /5, m and A^, but not on x, m, /, i, j. 

We now formulate the main theorem of this section: 

Theorem 10.4. Operator A G /:(C°°(SU(2))) belongs to ^'^(SU(2)) if and only if 
a A G S''"(SU(2)). Moreover, we have the equality of symbol classes S'™(SU(2)) = 
S'"(SU(2)). 

In fact, we need to prove only the equality of symbol classes S''"(SU(2)) = E™'(SU(2)), 
from which the first part of the theorem would follow by Theorem 19. 2[ In the process 
of proving this equality, we establish a number of auxiliary results. 

Remark 10.5. By Corollary [931 (^a e S"^(SU(2)) then Ajd^aA G S'"-I'5|(SU(2)). 
Let us show the analogous result for 5*^(811(2)). 

Lemma 10.6. If aA G 5™(SU(2)) then ae = AjdiaA G ^™-l^l(SU(2)). 
Proof. First, let I7I = 1. Then A] f{l) = qf{l) for some 

q G Po/i(SU(2)) := span jtjf : G {-1/2, +1/2}} 
for which g(e) = 0. Let r{y) := q{uyu^^). Then r G Po/i(SU(2)), because 

tfiuyu-') = Y.t]i\u) t'Jliy) tli^iu-'). 

Moreover, we have r(e) = 0. Hence /(Z) i— > rf{l) is a linear combination of difference 
operators Aq, A_,_, A_ because {/ G PoZ^(SU(2)) : /(e) = 0} is a three-dimensional 
vector space spanned by go, Q+, <?-• Now let 7 G Nq and (Tb = '^Jd^'^A- We have 

Afd^^asA^,!) = A^dlit^uY aB{xu-\l)t'{u)) 

= A^dP {t\ur {A]diaA{xu~\ I)) t\u)) 
= Yl A.,y Ar^'Sf+^a^Jo:,/), 

|7'I = |7| 

for some scalars A^^^' G C depending only on u G SU(2) and multi-indices 7' G Ng. □ 
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Remark 10.7. Let D be a left-invariant vector field on SU(2). From the very 
definition of the symbol classes S™(SU(2)) = fj^o ^™(SU(2)), it is evident that 
[cTDjCTyi] G S™(SU(2)) if OA £ S'^(SU(2)). We shall next prove the similar invariance 
for 5™(SU(2)). 

Lemma 10.8. Let D he a left-invariant vector field on SU(2). Let a a G 5""(SU(2)). 
Then {ao^oj^ G 5'"(SU(2)) and a a od e 5'"+HSU(2)). 

Proof. For D G su{2) we write D = iE, so that E G i su{2). By Proposition 15.41 there 
is some u G SU(2) such that cr£;(/) = t\u)* c'"a„(/) t\u). Now, we have 

[aE,cjAm = t'iu)* [a9,il),t\u) aA{x,l)t\uy] t\u) 

Next, notice that 5''"(SU(2)) is invariant under the mappings as ^ ctb^ and as ^ 
[c^ao'^s]; here [ao^, aB]{l)ij = {i - j) <yB{l)ij- Finally, 

aA{x,l)aE{l) = t\uy t\u) aA{x,l) t\uy aoS) t\u) 
= {(Ta^^^AxJ) aa^il))^. 

Just like in the first part of the proof, we see that cr^ ao belongs to S'™+^(SU(2)) 
since ao, G S"'+\S\J{2)) if ae G 5'"(SU(2)), by Theorem O □ 

Proof of Theorem imm We have to show that ^™(SU(2)) = S™(SU(2)), so that the- 
orem would follow from Theorem 19. 21 Both classes S'™'(SU(2)) and S™(SU(2)) require 
the singular support condition {y i— > RA{x,y)) C {e}, so we do not have to consider 
this; moreover, the x-dependence of the symbol is not essential here, and therefore we 
abbreviate cja(0 := (Ta{x,1). First, let us show that S™(SU(2)) C ^"^(SU(2)). Take 
aA G S™'(SU(2)). Then also ca^ ^ S"*(SU(2)) (either by the well-known properties 
of pseudodifferential operators and Theorem 19. 2^ or by checking directly that the 
definition of the classes S^(SU(2)) is conjugation-invariant). Let us define cn{B) by 

Now e S'"(SU(2)) for every N G Z+, because G S'^(SU(2)) and 

[(ydo,(TB\{l)ij = (i-j) crB{l)ij- 
This implies the "rapid off-diagonal decay" of ca^'- 

WAdx,l),,\ < CAmN {l-jy" il + ir. 

implying the norm comparability 

(10.7) II- ■ -a^JOIlop ~ sup I - ■ ■ (JASl)ij\ 

m view of Lemma [122] in Appendix. Moreover, A'j'd^aA^ G S"~I"I(SU(2)) by 
Corollary 19.41 so that we obtain the symbol inequalities (110. 6p from (19. 2p . Thereby 
S'"(SU(2)) c 5™(SU(2)). 

Now we have to show that S''"(SU(2)) C E™'(SU(2)). Again, we may exploit the 
norm comparabilities (110.71) : thus clearly S'™(SU(2)) C S™(SU(2)). Consequently, 
^"^(SU(2)) C S™(SU(2)) for all k G Z+, due to Lemmas [M and [D □ 
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11. PSEUDO-DIFFERENTIAL OPERATORS ON MANIFOLDS AND ON §^ 

In this section we discuss how the introduced constructions are mapped by global 
diffeomorphisms and give an example of this in the case of SU(2) and S'^, proving 
Theorem 11.11 

Let $ : G ^ M be a diffeomorphism from a compact Lie group G to a smooth 
manifold M. Such diffeomorphisms can be obtained for large classes of compact 
manifolds by the Poincare conjecture type results. For example, if dimM = 3 it is 
now known that such $ exists for any closed simply-connected manifold. 

Let us endow M with the natural Lie group structure induced by i.e. with the 
group multiplication {{x,y) ^ x ■ y) : M x M ^ M defined by 

X ■ ?/ := $ ^'^{y)) . 

Spaces C°°{G) and C°°{M) are isomorphic via mappings 

: C^{G) ^ G°°(M), f^U = fo $-1, 
: c-(M) ^ C^iG), g ^ g^-i =goc^. 

The Haar integral on M is now given by 



g d/iA/ =/ g dx := go^ d/ic, 
M Jm Jg 



because for instance 



g{x-y)dx= / ^(x) $ ^{y))) dx = 

M Jm 

= /(^o$)($-i(x) <^-\y)) d($-i(x)) = I {go^){z) dz = I g{x) dx. 
Jg Jg Jm 

Moreover, : G°°(G) G°°{M) extends to a linear unitary bijection : L'^{^g) 

L'^ilJ'M)- 

/ g{x) h{x) dx = / (go^) (ho $) d/xc- 
Jm Jg 
Notice also that there is an isomorphism 

: Rep(G) ^ Rep(M), ^ ^ $4^) = ^ o $ 

of irreducible unitary representations. Thus G = M in this sense. This immediately 
implies that the whole construction of symbols of pseudo-differential operators on M 
is equivalent to that on G. 

Let us now apply this construction to the isomorphism S'^ = SU(2). First recall 
the quaternion space H which is the associative M-algebra with a vector space basis 
{1, i, j, k}, where 1 G H is the unit and 

Mapping x = {xm)m=o ^ ^ol + ^^li + -|- x^k identifies with H. In particular, 
the unit sphere c ^ M is a multiplicative group. A bijective homomorphism 
$-1 : §3 SU(2) is defined by 



x I— * $ ^(x 



Xo + 1X3 Xi + 1x2 
-Xi + 1X2 Xq - iX3 
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and its inverse $ : SU(2) §^ gives rise to the global quantisation of pseudo- 
differential operators on §^ induced by that on SU(2), as shown in the beginning of 
this section. This, combined with Theorem 110.41 proves Theorem I l.li 

12. Appendix on infinite matrices 

In this section we discuss infinite matrices. The main conclusion that we need is 
that the operator-norm and the /°°-norm are equivalent for matrices arising as full 
symbols of pseudo-differential operators in \E''^(SU(2)). 

Definition 12.1. Let denote the space of complex sequences x = {xj)j(zz. A 
matrix A E C^^^ is presented as an infinite table A = {Aij). As usual, we set 

{x,y)i2 = Y.j&^yy'j^ = , and = sup{||A2;||p : ||a;||i2 < 1} 

provided that the sums {Ax)i = ^ij -^j converge absolutely. For each /c G Z, let 
us define A{k) e C^^^ by 



Aik) 



Aij, ii i — j — k, 
0, ifz-jV^- 



A matrix A G C^^^ will be said to decay (rapidly) off- diagonal ii 

(12.1) \Ai,\ < CAr {t - 

for every i,j E Z and r G N, where constants CAr < oo depend on r,A, but not on 
i,j. The set of off-diagonally decaying matrices is denoted by V. 

Lemma 12.2. Let A G C^""^ and \\A\\eoo = sup^^g^ \Aij\. Then 

\\A\\io. < \\A\\op. 

Moreover, if |Ay| < c{i — j)^''" for some r > 1 then for c' = c'Ylikei^^)"'' '^^ have 

1 1 A 1 1 op ^ c' 1 1 A 1 1 £°o . 

Proof. Let 5, = {6ij)j^z £ C^, where da = 1 and 6ij = if i ^ j. Then Aij = 
{A6j,6i)£2. The first claim then follows from the Cauchy-Schwarz inequality: 

— I (^'^j; '^i)^2 I ^ ll^llop- 

Next, since A = X]fcez^(^)' S^t 

feez fcez ^ feez 

From this we directly see that if ||v4||^oo > 1 then ||v4|| op < c' ||y4||£oo. By the linearity 
of the norms, this concludes the proof. □ 

Proposition 12.3. Let A,B eV. Then AB G V. 

Proof. Matrices A,Be C^^^ in general cannot be multiplied, but here there is no 
problem as A, i? G "D, so that the matrix element (Ai?)^^ is estimated by 

V— >, v-^ Peetre ineq. 

E l^^jl l^ifcl ^ CArCBs2^{i-j)~"{j-ky < CArCBs2_^{l-k)-'' {k-jY\j-kY , 
j j j 

which converges if |r| + s < —1. This shows that AB G P. □ 
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Altogether, we obtain the following 

Theorem 12.4. V C C{1'^) is a unital involutive algebra. Moreover, for A E T), 
norms || A || op o-nd 11^11^°° are equivalent. 
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